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1. Suppose S1 is a retract of D2. Then there exists r : D2 → S1 such that r ◦ i = idS1 . This implies

that r# ◦ i# = id# = id. Hence r# : π1(D2, x0) → π1(S1, x0) must be surjective. However,

π1(D2, x0) ' {x0} and π1(S1, x0) ' (Z,+). It is impossible to have a surjection from {x0} to Z.

Hence S1 is not a retract of D2.

2. Suppose yes. Then we have π1(S1 × S1) = π1(S1). However, since π1(X × Y ) = π1(X) × π1(Y ),

π1(S1 × S1) = π1(S1)× π1(S1) ' (Z⊕Z,+) 6' (Z,+) ' π1(S1). This leads to contradiction. Hence

the circle S1 × {1} is not a deformation retract of the torus.

3. (a) Define a mapping r : Dn\{0} → Sn−1 by r(x) =
x

|x|
. Clearly we have r|Sn−1 = id. Consider

the homotopy H(x, t) : Dn × [0, 1] → Dn defined by H(x, t) = tx + (1 − t)r(x). Clearly H is

continuous and satisfies H(x, 0) = r(x), H(x, 1) = x. This shows that r ' idDn .

(b) * Suppose there exists a homeomorphism f : D2 → Dn for some n > 2. WLOG assume

that f(0) = 0. Then we have a homeomorphism f : D2\{0} → Dn\{0}. This implies that

π1(D2\{0}) = π1(Dn\{0}). By a), we have π1(S1) ' π1(D2\{0}) = π1(Dn\{0}) ' π1(Sn−1).

However, π1(S1) ' (Z,+) and π1(Sn−1) ' {1}. This leads to contradiction. Hence D2 and

Dn are not homeomorphic.
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